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We study the growth of matter density perturbations δm for a number of viable f(R) gravity
models that satisfy both cosmological and local gravity constraints, where the Lagrangian density
f is a function of the Ricci scalar R. If the parameter m ≡ Rf,RR/f,R today is larger than the
order of 10−6, linear perturbations relevant to the matter power spectrum evolve with a growth
rate s ≡ d ln δm/d ln a (a is the scale factor) that is larger than in the ΛCDM model. We find the
window in the free parameter space of our models for which spatial dispersion of the growth index
γ0 ≡ γ(z = 0) (z is the redshift) appears in the range of values 0.40 . γ0 . 0.55, as well as the
region in parameter space for which there is essentially no dispersion and γ0 converges to values
around 0.40 . γ0 . 0.43. These latter values are much lower than in the ΛCDM model. We show
that these unusual dispersed or converged spectra are present in most of the viable f(R) models
with m(z = 0) larger than the order of 10−6. These properties will be essential in the quest for f(R)
modified gravity models using future high-precision observations and they confirm the possibility to
distinguish clearly most of these models from the ΛCDM model.
I. INTRODUCTION
The origin of dark energy (DE) responsible for the cos-
mic acceleration today has been a lasting mystery [1].
Although a host of independent observational data have
supported the existence of DE over the past ten years, no
strong evidence was found yet implying that dynamical
DE models are better than a cosmological constant Λ. A
first step towards understanding the origin of DE would
be to detect some clear deviation from the ΛCDM model
observationally and experimentally.
Models such as quintessence [2] based on minimally
coupled scalar fields provide a dynamical equation of
state of DE different from wDE = −1. Still it is difficult
to distinguish these models from the ΛCDM model in
current observations pertaining to the cosmic expansion
history only (such as the supernovae Ia observations).
Even if we consider the evolution of matter perturba-
tions δm in these models, the growth rate of δm is similar
to that in the ΛCDM model. Hence one cannot generally
expect large differences with the ΛCDM model at both
the background and the perturbation levels.
There is another class of DE models in which gravity
is modified with respect to General Relativity (GR). The
simplest one would be the so-called f(R) gravity where
the Lagrangian density f is a function of the Ricci scalar
R [3]. The basic idea is that gravity is modified on cos-
mological scales when R is of the order of H20 (H0 is
the Hubble parameter today), while Newtonian gravity
is recovered in the region of high density (R ≫ H20 ). A
number of viable f(R) models have been constructed in
this spirit [4, 5, 6, 7, 8, 9, 10, 11, 12]. Since the law
of gravity is modified in f(R) models, we can in prin-
ciple expect large differences with the ΛCDM model in
cosmological observations [13, 14] and in laboratory tests
[15, 16, 17] compared to quintessence models.
From a cosmological point of view viable f(R) mod-
els are similar to the ΛCDM model during the radia-
tion and deep matter eras (“GR regime”), but impor-
tant observable deviations from the ΛCDM model ap-
pear at late times as the model evolves towards what
we call here the “scalar-tensor regime” [see below after
Eq. (13)]. A useful quantity that characterizes this de-
viation is m = Rf,RR/f,R [4], where f,R ≡ ∂f/∂R and
f,RR ≡ ∂2f/∂R2. In order to satisfy local gravity con-
straints we require that m is much smaller than 1 for
R ≫ H20 , e.g., m(R) . 10−15 for R ≈ 105H20 [5, 17, 18].
Meanwhile, in order to see appreciable deviation from
the ΛCDM model at the background level of cosmolog-
ical evolution, the parameter m needs to grow to the of
order at least 0.01-0.1 today. The models proposed in
Refs. [7, 8, 9, 10, 12] are constructed to realize this fast
transition of m. Actually as we will see, the quantity m
is related to the (critical) scale ∼M−1 = (3m/R)1/2 be-
low which modifications of gravity are felt by the matter
perturbations. For increasing m and for decreasing R,
this critical scale gets larger.
The modified evolution of the matter density perturba-
tions δm provides an important tool to distinguish f(R)
models, and generally modified gravity DE models, from
DE models inside GR and in particular from the ΛCDM
model [13]. In fact the effective gravitational “constant”
Geff which appears in the source term driving the evo-
lution of matter perturbations can change significantly
relative to the gravitational constant G in the usual GR
regime, i.e. Geff ≃ (4/3)G (the “scalar-tensor” regime).
Then the evolution of perturbations during the matter
era changes from δm ∝ t2/3 to δm ∝ t(
√
33−1)/6, where t
is the cosmic time [8, 10].
A useful way to describe the perturbations is to write
the growth function s = d ln δm/d lna as s = (Ωm)
γ ,
where Ωm is the density parameter of non-relativistic
2matter. As well-known one has γ0 ≡ γ(z = 0) ≃ 0.55
[19, 20] in the ΛCDM model. It was emphasized that
while γ is quasi-constant in standard (non-interacting)
DE models inside GR with γ0 ≃ 0.55, this needs not be
the case in modified gravity models, in particular large
slopes can appear [21] (see Refs. [22] for more related
works). For the model proposed by Starobinsky [8] it was
found in Ref. [23] that the present value of the growth
index γ0 can be as small as γ0 =0.40-0.43 while large
slopes are obtained. This allows to clearly discriminate
this model from ΛCDM. An additional important point
is whether γ0 can exhibit some dispersion (scale depen-
dence) for viable f(R) DE models.
The redshift at which the transition of perturbations
occurs depends on the comoving wavenumber k. It is
then expected that the resulting matter power spectrum
has a scale dependence for viable f(R) models. In this
paper we shall study the dependence of the growth in-
dex γ on scales relevant to the linear regime of the matter
power spectrum. We consider most of viable f(R) models
proposed in literature to understand general properties of
the dispersion of perturbations. This analysis will be im-
portant to distinguish between the f(R) models and the
ΛCDM model in future observations of galaxy clustering
and weak lensing.
II. COSMOLOGY IN f(R) GRAVITY
We start with the action
S =
1
2κ2
∫
d4x
√−gf(R) + Sm(gµν ,Ψm) , (1)
where κ2 = 8πG (G is bare gravitational constant), and
Sm is a matter action that depends on the metric gµν
and matter fields Ψm. Since we are interested in the
cosmological evolution at the late epoch, we only consider
a perfect fluid of non-relativistic matter with an energy
density ρm. In the following we use the unit κ
2 = 1,
but we restore the gravitational constant G when the
discussion becomes transparent.
In the flat Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) spacetime with scale factor a(t), the variation
of the action (1) leads to the following equations
3FH2 = ρm + (FR − f)/2− 3HF˙, (2)
−2FH˙ = ρm + F¨ −HF˙ , (3)
where F ≡ ∂f/∂R, H ≡ a˙/a, and a dot represents a
derivative with respect to the cosmic time t. The Ricci
scalar R is expressed by the Hubble parameter H as R =
6(2H2+H˙). In order to study the cosmological dynamics
in f(R) gravity, it is convenient to introduce the following
variables
x1 = − F˙
HF
, x2 = − f
6FH2
, x3 =
R
6H2
, (4)
together with the matter density parameter
Ω˜m ≡ ρm
3FH2
= 1− x1 − x2 − x3 . (5)
We then obtain the following dynamical equations [4]
x′1 = −1− x3 − 3x2 + x21 − x1x3 , (6)
x′2 =
x1x3
m(r)
− x2(2x3 − 4− x1) , (7)
x′3 = −
x1x3
m(r)
− 2x3(x3 − 2) , (8)
where a prime represents a derivative with respect to
N = ln a, and
m(r) ≡ Rf,RR
f,R
, r ≡ −Rf,R
f
=
x3
x2
. (9)
One hasm = 0 for the ΛCDM model (f(R) = R−2Λ),
so that the quantity m characterizes the deviation from
the ΛCDM model. Since m is a function of r = x3/x2,
the above dynamical equations are closed. For given
functional forms of f(R), the background cosmological
dynamics is known by solving Eqs. (6)-(8) with Eq. (9).
The matter point Pm and the de Sitter point PdS corre-
spond to [4]
• Pm: (x1, x2, x3) =
(
3m
1+m ,− 1+4m2(1+m)2 , 1+4m2(1+m)
)
,
Ω˜m = 1− m(7+10m)2(1+m)2 , weff = − m1+m .
• PdS: (x1, x2, x3) = (0,−1, 2),
Ω˜m = 0, weff = −1 .
We require that m ≈ 0 to realize the matter era with
Ω˜m ≈ 1 and weff ≈ 0. From the definition of r in
Eq. (9) we have r = −m − 1 for Pm, so that the mat-
ter point corresponds to (r,m) ≈ (−1, 0) in the (r,m)
plane. Note that the radiation point also exists around
(r,m) ≈ (−1, 0) [4]. The de Sitter point PdS correspond
to the line r = −2.
Let us next consider linear perturbations about the
flat FLRW background. In the so-called comoving gauge
[24] where the velocity perturbation of non-relativistic
matter vanishes, the matter perturbation δm = δρm/ρm
and the perturbation δF obey the following equations in
the Fourier space [10, 24]
δ¨m +
(
2H +
F˙
2F
)
δ˙m − ρm
2F
δm
=
1
2F
[(
−6H2 + k
2
a2
)
δF + 3H ˙δF + 3δ¨F
]
, (10)
δ¨F + 3H ˙δF +
(
k2
a2
+
f,R
3f,RR
− R
3
)
δF
=
1
3
ρmδm + F˙ δ˙m , (11)
where k is a comoving wavenumber. We also define
M2 ≡ f,R
3f,RR
=
R
3m
, (12)
3which corresponds to the mass squared of the scalar-field
degree of freedom, the scalaron introduced in [25], in the
region M2 ≫ R. As we will see later, the quantity m
remains smaller than the order of 0.1 in the cosmic ex-
pansion history and the condition M2 ≫ R is largely
satisfied at high redshifts.
For cosmologically viable models, the variation of F
is small (|F˙ | ≪ HF ) so that the terms including F˙
can be neglected in Eqs. (10) and (11). If we neglect
the oscillating mode of δF relative to the mode in-
duced by matter perturbations δm, it follows that δF ≃
ρmδm/[3(k
2/a2 + M2)] from Eq. (11). For the modes
deep inside the Hubble radius (k2/a2 ≫ H2) the domi-
nant term in the square bracket of Eq. (10) is (k2/a2)δF .
We then obtain the following approximate equation for
matter perturbations [18, 26]
δ¨m + 2Hδ˙m − 4πGeffρmδm ≃ 0 , (13)
where
Geff ≡ G
F
4k2/a2 + 3M2
3(k2/a2 +M2)
(14)
=
G
F
[
1 +
1
3
k2/(a2M2)
1 + k2/(a2M2)
]
. (15)
Here we have restored bare gravitational constant G. An
equation of a similar type was found for scalar-tensor DE
models [27] with an essentially massless dilaton field. The
quantity Geff encodes the modification of gravity in the
weak-field regime due to the presence of the dilaton in
the case of scalar-tensor DE models, and of the scalaron
in our f(R) models. An essential difference is that the
scalaron mass M in the region of high density can be
large, inducing a finite range ∼ M−1 for the (Yukawa
type) “fifth-force”.
Under the linear expansion of the Ricci scalar R in
the weak gravity background of a spherically symmetric
spacetime, the effective Newtonian gravitational constant
is given by [15, 16]
G
(N)
eff =
G
F
(
1 +
1
3
e−Mr
)
, (16)
where r is the distance from the center of symmetry.
Poisson’s equation in Fourier space with G replaced by
G
(N)
eff as given in Eq. (16) corresponds to the gravitational
potential in real space (between two unit masses) V (r) =
−G(N)eff /r. It corresponds to the modification of gravity
in the weak-field regime that is felt by the cosmological
perturbations.
For the validity of the linear expansion of R the mass
M needs to be light such that Mrc ≪ 1, where rc is
the radius of a spherically symmetric body. For small
scales satisfying r ≪ M−1, the fifth-force reaches its
maximal value and the modification of gravity reduces
to a shift of the gravitational constant G → 4G/(3F ).
This is the regime we have called here the “scalar-tensor”
regime. Cosmologically the corresponding shift in the
scalar-tensor DE models mentioned above depends on
time and occurs on all scales. Note that in the massive
regime Mrc ≫ 1 the result (16) is no longer valid. It is
exactly in this regime where the chameleon mechanism
[28] begins to be at work so that the effective gravita-
tional constant becomes very close to G to satisfy local
gravity constraints [5, 7, 16] (as we will see in the next
section).
In the region M2 ≫ k2/a2 the cosmological effective
gravitational constant (15) reduces to the form Geff ≃
G/F . Then the evolution of δm during the matter era
is given by δm ∝ t2/3 (note that F ≃ 1 because the
deviation parameter m is much smaller than 1). In the
regionM2 ≪ k2/a2 we have Geff ≃ 4G/(3F ), so that the
matter perturbation evolves as δm ∝ t(
√
33−1)/6 during
the matter era [8].
The perturbation equation (13) has been derived for
sub-horizon modes under the neglect of the oscillating
mode (such as the term ¨δF ). For cosmologically viable
models, the solutions obtained by solving Eq. (13) agrees
well with full numerical solutions [18, 29, 30]. In our
numerical simulations, however, we shall solve the full
perturbation equations (10) and (11) together with the
background equations (6)-(8), without relying on the ap-
proximate equation (13). For the numerical integration
it is convenient to rewrite Eqs. (10) and (11) in the fol-
lowing forms [10]
δ′′m +
(
x3 − 1
2
x1
)
δ′m −
3
2
(1− x1 − x2 − x3)δm
=
1
2
[{
k2
x24
− 6 + 3x21 − 3x′1 − 3x1(x3 − 1)
}
δF˜
+3(−2x1 + x3 − 1)δF˜ ′ + 3δF˜ ′′
]
, (17)
δF˜ ′′ + (1− 2x1 + x3)δF˜ ′
+
[
k2
x24
− 2x3 + 2x3
m
− x1(x3 + 1)− x′1 + x21
]
δF˜
= (1− x1 − x2 − x3)δm − x1δ′m , (18)
where δF˜ ≡ δF/F , and the new variable x4 ≡ aH satis-
fies
x′4 = (x3 − 1)x4 . (19)
The growth index γ of matter perturbations is defined
as
s ≡ (Ωm)γ , (20)
where s ≡ d ln δm/d ln a = δ′m/δm and Ωm is given by
Ωm ≡ ρm
3H2
= F Ω˜m . (21)
This choice of Ωm comes from rewriting Eq. (2) in the
form 3H2 = ρm+ρDE, where ρDE ≡ (FR−f)/2−3HF˙+
3H2(1−F ) [8, 23]. For viable f(R) models the quantity
F approaches 1 in the asymptotic past because they are
4similar to the ΛCDM model (as we will see in the next
section). Defining ρDE as well as Ωm in the above way,
the Friedmann equations recast in their usual General
Relativistic form for dust-like matter and DE.
III. VIABLE f(R) MODELS
Let us briefly review viable f(R) models that can sat-
isfy both cosmological and local gravity constraints. We
focus on the models in which cosmological solutions have
a late-time de Sitter attractor at R = R1 (> 0). For the
viability of f(R) models the following conditions need to
be satisfied.
• (i) f,R > 0 for R ≥ R1 (> 0). This is required to
avoid anti-gravity.
• (ii) f,RR > 0 for R ≥ R1. This is required for the
stability of cosmological perturbations [13], for the
presence of a matter era [31], and for consistency
with local gravity tests [15].
• (ii) f(R) → R − 2Λ for R ≫ R0, where R0 is the
Ricci scalar today. This is required for consistency
with local gravity tests [15] and for the presence of
radiation and matter eras [4].
• (iv) 0 < m(r = −2) < 1. This is required for the
stability of the late-time de Sitter point [4, 32, 33].
The conditions (i) and (ii) mean thatm = Rf,RR/f,R > 0
for R ≥ R1. The trajectories starting from (r,m) ≈
(−1,+0) to the de Sitter point on the line r = −2, 0 <
m < 1 are acceptable. In other words, the deviation
parameter m is initially small (0 < m ≪ 1) so that the
model is close to the ΛCDM model during the radiation
and deep matter eras. The deviation from the ΛCDM
model can be important at the late epoch. Depending on
the models of f(R) gravity, the parameter m can grow
as large as to the order of 0.1 today.
We also require the condition 0 < m≪ 1 in the region
R≫ R0 for consistency with local gravity constraints. In
this case the mass squaredM2 in Eq. (12) becomes large
in the region of high density to avoid the propagation
of the fifth force. It is then possible for f(R) models
to satisfy local gravity constraints under the chameleon
mechanism [28]. We introduce a new metric variable g˜µν
and a scalar field φ, as g˜µν = ψgµν and φ =
√
3/2 lnψ,
where ψ = F (R). The action in the Einstein frame is
then given by [34]
S =
∫
d4x
√
−g˜
[
R˜/2− (∇˜φ)2/2− V (φ)
]
+Sm(g˜µνe
2Qφ,Ψm) , (22)
where
Q = − 1√
6
, V =
R(ψ)ψ − f
2ψ2
. (23)
The scalar field degree of freedom φ has a constant
coupling Q with non-relativistic matter in the Einstein
frame.
In a spherically symmetric spacetime of the Minkowski
background the field φ obeys the following equation in the
Einstein frame
d2φ
dr˜2
+
2
r˜
dφ
dr˜
=
dVeff
dφ
, (24)
where r˜ is the distance from the center of symmetry and
Veff(φ) = V (φ) + e
Qφρ∗ . (25)
Here ρ∗ = e3Qφρm is a conserved matter density in the
Einstein frame [28]. For f(R) models (Q = −1/√6)
the effective potential Veff(φ) possesses a minimum for
V,φ(φ) > 0. For a spherically symmetric body with con-
stant densities ρA and ρB inside and outside the star,
the effective potential has two minima at the field val-
ues φA and φB satisfying the conditions Veff,φ(φA) = 0
and Veff,φ(φB) = 0, respectively, with mass squared
m2A ≡ Veff,φφ(φA) and m2B ≡ Veff,φφ(φB). We define
the so-called thin shell parameter [28]
ǫth ≡ φB − φA
6QΦc
, (26)
where Φc is the gravitational potential at the surface of
the body (r˜ = r˜c). If the field φ is sufficiently heavy such
that mAr˜c ≫ 1 and if the body has a thin-shell in the
region r˜1 < r˜ < r˜c with ∆r˜c ≡ r˜c − r˜1 ≪ r˜c, the thin-
shell parameter is given by ǫth ≃ ∆r˜c/r˜c + 1/(mAr˜c) ≪
1 [35]. The effective coupling between non-relativistic
matter and the field φ is Qeff ≃ 3Qǫth, whose strength
can be much smaller than 1 for ǫth ≪ 1.
The tightest bound on ǫth comes from the solar sys-
tem test of the violation of equivalence principle for the
accelerations of Earth and Moon toward Sun [28]. This
constraint is given by [36]
ǫth,⊕ < 8.8× 10−7/|Q| , (27)
where ǫth,⊕ is the thin-shell parameter for Earth. Since
the gravitational potential for Earth is Φc,⊕ = 7.0 ×
10−10, the condition (27) translates into
|φB,⊕| < 3.7× 10−15 , (28)
where we have used |φB,⊕| ≫ |φA,⊕|. For cosmologically
viable f(R) models, |φB,⊕| is roughly the same order as
the deviation parameter m(RB) at the Ricci scalar RB
[5] (as we will see below). Hence the condition m(RB) .
10−15 needs to be satisfied in the region around Earth
(in which RB ≫ R0). Cosmologically this means that
the parameterm is very much smaller than 1 in radiation
and deep matter eras.
We consider f(R) models which can be consistent with
both cosmological and local gravity constraints. They
can all be written in the form:
f(R) = R− λRc f1(x) , x ≡ R/Rc , (29)
5where Rc (> 0) defines a characteristic value of the Ricci
scalar R and λ is some positive free parameter.
We will study the following models:
• (A) f1(x) = xp (0 < p < 1) ,
• (B) f1(x) = x2n/(x2n + 1) (n > 0) ,
• (C) f1(x) = 1− (1 + x2)−n (n > 0) ,
• (D) f1(x) = 1− e−x ,
• (E) f1(x) = tanh(x) .
For λ of the order of unity, Rc roughly corresponds to
the scale of the cosmological Ricci scalar R0 today.
The model (A) is characterized by m = p(r + 1)/r,
which behaves as m ≃ p(−r − 1) during radiation and
deep matter eras (r ≃ −1) [4]. In the regime R ≫ Rc
we have φ ≃ −(√6/2)m/(1 − p) with m ≃ λp(1 −
p)(R/Rc)
p−1. In order to satisfy the condition (28) the
parameter p is constrained to be very small: p < 3×10−10
[17].
In the regime R ≫ Rc the models (B) and (C), pro-
posed by Hu and Sawicki [7] and Starobinsky [8] respec-
tively, behave as
f(R) ≃ R− λRc
[
1− (R/Rc)−2n
]
, (30)
which corresponds to
m(r) = C(−r − 1)2n+1 , C = 2n(2n+ 1)/λ2n , (31)
with the field value φ ≃ −(√6/2)m/(2n+1). Because of
the presence of the power 2n+1 in Eq. (31), the condition
(28) can be satisfied even for n and λ of the order of
unity. In fact the models (B) and (C) are consistent with
the constraint (28) for n > 0.9 [17]. In these models
the deviation parameter m can grow to the order of 0.1
today.
The models (D) and (E), proposed by Linder [12] and
Tsujikawa [10] respectively, have vanishingly small m in
the region R ≫ Rc, but m can grow to O(0.1) once R
decreases to the order of Rc (see Ref. [9] for a similar
model). In the model (D) one has m ≃ λ(R/Rc)e−R/Rc
for R ≫ Rc, where R/Rc ≃ log(−
√
2/3φ/λ). The field
value φB can be derived by solving Veff,φ(φB) = 0 with
ρ∗ ≃ ρB, which gives R ≃ ρB. We then find that
φB ≃ −
√
3/2λe−ρB/Rc . Since λRc is of the order of the
cosmological density ρ
(0)
c ≃ 10−29 g/cm3 today, we have
φB ≈ −λe−105λ by using the dark matter/baryonic den-
sity ρB ≃ 10−24 g/cm3 in our galaxy. As we will see later
the existence of a stable de Sitter point demands λ > 1,
under which the constraint (28) is well satisfied. The
model (E) also has a similar property. Thus the models
(D) and (E) are consistent with local gravity constraints
for λ required for viable cosmology.
IV. GROWTH INDICES OF MATTER
PERTURBATIONS
In this section we study the growth of matter pertur-
bations for the viable f(R) models (A)-(E). We are inter-
ested in the wavenumbers k relevant to the galaxy power
spectrum [37]:
0.01 hMpc−1 . k . 0.2 hMpc−1 , (32)
where h = 0.72± 0.08 corresponds to the uncertainty of
the Hubble parameter today [38]. The scales (32) are in
the linear regime of perturbations. For k = 0.2 hMpc−1,
non-linear effects are still small so that results in the
linear regime can be related to observations. Non-linear
effects increase as we go to smaller scales. On the other
hand we should remember that observations on the large
scale around k ∼ 0.01 hMpc−1 are not so accurate but
will be improved in the future.
We recall that the transition from the “GR regime” to
the “scalar-tensor regime” occurs at M2 = k2/a2. Using
Eq (12) this translates into
m ≈ (aH/k)2 . (33)
This expresses in terms of the quantity m the fact that
cosmic scales smaller than ∼ M−1 will be affected by
modifications of gravity. For viable f(R) models we have
presented in the previous section, the deviation param-
eter m increases from the matter era to the accelerated
epoch. For larger k (i.e. for smaller scales) the transi-
tion occurs earlier. The upper bound of the wavenum-
ber in Eq. (32) corresponds to k ≃ 600a0H0, where the
subscript “0” represents present quantities. We are in-
terested in the case where the transition to the scalar-
tensor regime occurred by the present epoch (the redshift
z = 0). This then gives the following condition
m(z = 0) & 3× 10−6 . (34)
If m(z = 0) . 3 × 10−6 then the linear perturbations
have been always in the GR regime in the past, so that
the models are not distinguished from the ΛCDM model.
We caution that the bound (34) is relaxed for non-linear
perturbations with k & 0.2 hMpc−1, but the linear anal-
ysis is not valid in such cases.
In our numerical simulations we identify the present
epoch to be Ω
(0)
m = 0.28.
A. Model (A)
Let us first consider the model (A). In this model the
deviation parameter m = p(r+1)/r corresponds to m =
p/2 at the de Sitter point (r = −2), which means that
m(z = 0) is of the order of p. Hence the condition (34)
for the occurrence of the transition to the scalar-tensor
regime corresponds to
p & 6× 10−6 . (35)
6k=0.01 h Mpc-1
k=0.033 h Mpc-1
k=0.1 h Mpc-1
k=0.2 h Mpc-1
LCDM
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Figure 1: The growth indices γ0 today versus the parameter
p in the model (A) for four different values of k. Under the
local gravity bound p < 3 × 10−10, the deviation of γ0 from
that in the ΛCDM model (γ0 ≃ 0.55) cannot be seen for these
wavenumbers.
In Fig. 1 we plot the growth indices γ0 of matter per-
turbations today for four different wavenumbers k. When
p & 6 × 10−6 the deviation from the value γ0 ≃ 0.55
of the ΛCDM model can be clearly seen for the modes
k & 0.2 h Mpc−1. The dispersion of γ0 with respect to
the wavenumbers k is especially significant for 10−5 <
p < 10−2, whereas γ0 converges to a value around 0.4 for
p & 10−1.
We recall that local gravity constraints give the bound
p < 3 × 10−10, which is not compatible with the condi-
tion (35). Under this bound the growth indices are very
close to the ΛCDM value γ0 ≃ 0.55 for the wavenumbers
(32). Hence the model (A) cannot be distinguished from
the ΛCDM model as long as local gravity constraints are
respected.
B. Models (B) and (C)
We shall proceed to the models (B) and (C). In the
region R ≫ Rc these models can be described by the
m(r) curve given in Eq. (31). In the deep matter era
(r ≈ −1) the deviation parameter m gets smaller for
increasing n because of the larger power-law index 2n+1
in Eq. (31). For increasing λ we also have smaller m.
In the model (B) the stability of the late-time de Sitter
point requires that [26]
2x4nd − (2n− 1)(2n+4)x2nd +(2n− 1)(2n− 2)≥ 0, (36)
where xd = R1/Rc.
The parameter
λ =
(1 + x2nd )
2
x2n−1d (2 + 2x
2n
d − 2n)
, (37)
has a lower bound determined by the condition (36).
When n = 1, for example, one has xd ≥
√
3 and
λ ≥ 8√3/9.
Similarly the model (C) satisfies
(1 + x2d)
n+2 > 1 + (n+ 2)x2d + (n+ 1)(2n+ 1)x
4
d, (38)
with
λ =
xd(1 + x
2
d)
n+1
2[(1 + x2d)
n+1 − 1− (n+ 1)x2d]
. (39)
When n = 1 we have xd ≥
√
3 and λ ≥ 8√3/9, which
is the same as in the model (B). For general n, however,
the bounds on λ in the model (C) are not identical to
those in the model (B). The minimum values of λ are of
the order of unity in both models.
At the de Sitter point the model (31) gives m(r =
−2) = C = 2n(2n+ 1)/λ2n, so that m(z = 0) can be as
large as O(1) for n, λ of the order of unity. Numerically
we find that the deviation parameter m(z = 0) in the
models (B) and (C) is typically smaller than that in the
model (31), but still m(z = 0) can be of the order of
0.1. The deviation parameter m needs to be very much
smaller than 1 in the region of high density (R≫ Rc) for
consistency with local gravity constraints.
If the transition characterized by the condition (33)
occurs during the deep matter era (z ≫ 1), one can
estimate the critical redshift zc at the transition point.
We use the asymptotic forms m ≃ C(−r − 1)2n+1 and
r ≃ −1 − λRc/R as well as the approximate relations
H2 ≃ H20Ω(0)m (1 + z)3 and R ≃ 3H2. The present value
of ρDE may be approximated as ρ
(0)
DE ≈ λRc/2. Hence we
have that λRc ≈ 6H20Ω(0)DE, where Ω(0)DE is the DE density
parameter today. Then the condition (33) translates into
the critical redshift
zc =
[(
k
a0H0
)2
2n(2n+ 1)
λ2n
(2Ω
(0)
DE)
2n+1
Ω
(0)
m
2(n+1)
] 1
6n+4
−1. (40)
For n = 1, λ = 3, k = 300a0H0, and Ω
(0)
m = 0.28 in the
model (C) the numerical value for the critical redshift is
zc = 4.5, which shows good agreement with the analytical
value estimated by Eq. (40). We caution, however, that
Eq. (40) begins to lose its accuracy for zc close to 1.
We recall that local gravity constraints give the bound
n > 0.9 for both the models (B) and (C). Meanwhile the
conditions (36)-(39) provide lower bounds on λ for each
n (λ > 1.54 for n = 1 in both models). In Fig. 2 we
plot the evolution of the growth indices γ in the model
(B) with n = 1 and λ = 1.55 for a number of different
wavenumbers. We find a degeneracy of the present value
of γ around γ0 ≃ 0.41 independent of the scales of our
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Figure 2: The evolution of γ versus the redshift z in the model
(B) with n = 1 and λ = 1.55 for four different values of k. In
this case the dispersion of γ with respect to k is very small. It
is nearly absent for scales k ≥ 0.033 h Mpc−1, so these scales
have reached today the asymptotic regime k ≫ aM .
interest. In this case the transition redshift corresponds
to zc = 5.2 and zc = 2.7 for the modes k = 0.1 hMpc
−1
and k = 0.01 hMpc−1, respectively. At the present epoch
these modes are in the “scalar-tensor” regime with simi-
lar growth indices.
Equation (40) shows that zc gets smaller for increas-
ing n. In Fig. 3 we show the present values of γ ver-
sus n in the model (B) with λ = 1.55 for four differ-
ent wavenumbers. We find that γ0 has a scale depen-
dence in the region 0.42 . γ0 . 0.55 for 2 . n . 7,
while γ0 is degenerate around 0.41 for n close to 1. This
reflects the fact that, for larger n, the transition red-
shift zc gets smaller. The growth indices are strongly
dispersed if the mode k = 0.2 hMpc−1 crossed the tran-
sition point at zc > O(1) and the mode k = 0.01 hMpc−1
has marginally entered (or has not entered) the scalar-
tensor regime by today. Since zc decreases for increasing
λ from Eq. (40), it is expected that the scale dependence
of γ0 can appear for larger λ than in the case shown in
Fig. 3 (for fixed n). In fact this behavior is clearly seen
in the numerical simulation of Fig. 4, which shows that
in the model (B) with n = 1 the dispersion of γ0 occurs
for 0.5 . log10 λ . 2.5. If λ & 10
3, γ0 converges to the
ΛCDM value ≃ 0.55 because the modes (32) have not
entered the scalar-tensor regime by today.
We have also carried out numerical simulations for the
model (C) and found that the evolution of γ is very simi-
lar to that in the model (B) for the same values of n and
λ. Let us consider the parameter regions of (n, λ) for the
models (B) and (C) in which the dispersion of γ0 occurs
for the wavenumbers (32). We can divide the (n, λ) plane
in three regions:
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k=0.033 h Mpc-1
k=0.1 h Mpc-1
k=0.2 h Mpc-1
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1 2 3 4 5 6 7 8
0.40
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0.50
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Figure 3: The growth indices γ0 today versus n in the model
(B) with λ = 1.55 for four different values of k. The dispersion
of γ0 occurs in the region 0.42 . γ0 . 0.55 for 2 . n . 7.
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Figure 4: The growth indices γ0 today versus λ in the model
(B) with n = 1 for four different values of k. The dispersion
of γ0 appears for 0.5 . log10 λ . 2.5.
• (i) All modes have the values of γ0 close to the
ΛCDM value: γ0 = 0.55, i.e. 0.53 . γ0 . 0.55.
• (ii) All modes have the values of γ0 close to the
value in the range 0.40 . γ0 . 0.43.
• (iii) The values of γ0 are dispersed in the range
0.40 . γ0 . 0.55.
We recall that the first case arises when all scales under
consideration are close to the asymptotic regime for scales
8larger today than the range of the “fifth-force”. The
second case corresponds to the opposite situation. In the
third case some of the scales belong to the intermediate
regime [39]. To find out accurately when the asymptotic
regimes are reached, and what are the values of γ0 in
the intermediate regime, one has to resort to numerical
calculations.
The region (i) is characterized by the opposite of the
inequality (34), i.e. m(z = 0) . 3 × 10−6. This corre-
sponds to the case in which n and λ take large values so
that m is suppressed. The border between (i) and (iii)
is determined by the condition m(z = 0) ≈ 3 × 10−6.
The region (ii) corresponds to small values of n and λ,
as in the numerical simulation of Fig. 2. In this case the
mode k = 0.01 hMpc−1 at least entered the scalar-tensor
regime for zc > O(1).
The regions (i), (ii), (iii) can be found by solving per-
turbation equations numerically. Note that we also have
the local gravity constraint n > 0.9 as well as the condi-
tions (36) and (38) with (37) and (39) coming from the
stability of the late-time de Sitter point. In Fig. 5 we
illustrate the regions (i), (ii), (iii) for the models (B) and
(C), which are quite similar in both models. The parame-
ter space for n . 3 and λ = O(1) is dominated by either
the region (ii) or the region (iii). These unusual con-
verged or dispersed spectra can be useful to distinguish
the f(R) gravity from the ΛCDM model.
C. Models (D) and (E)
The deviation parameter m in the model (D) is given
by
m =
λxe−x
1− λe−x . (41)
In the region R ≫ Rc we have that m ≃ λxe−x, which
means that m rapidly decreases as we go back to the
past. In the asymptotic past the model (E) has a similar
dependencem ≃ 8λxe−2x. In both models the parameter
r behaves as r ≃ −1− λ/x for R≫ Rc.
For the model (D) the Ricci scalar at the de Sitter
point (xd = R1/Rc) is determined by λ, as
λ =
xd
2− (2 + xd)e−xd . (42)
From Eqs. (41) and (42) we find that the stability con-
dition m(R1) < 1 is satisfied for xd > 0. It then follows
from Eq. (42) that λ is bounded to be
λ > 1 . (43)
If the crossing M2 = k2/a2 occurs during the matter
era, the transition redshift zc for the model (D) can be
estimated as
2Ω
(0)
DE
λ2(1 + zc)2
exp
[
Ω
(0)
m λ(1 + zc)
3
2Ω
(0)
DE
]
=
(
k
a0H0
)2
. (44)
Figure 5: The regions (i), (ii) and (iii) for the model (B)
(top) and for the model (C) (bottom). The three regions in
the model (B) are similar to those in the model (C).
The redshift zc gets larger for increasing k and for de-
creasing λ. If k = 300a0H0 and λ = 1.1 we have zc = 3.0
from the estimation (44). This is slightly different from
the numerical value zc = 2.7 because the transition point
is close to the onset of the cosmic acceleration.
In Fig. 6 we plot the growth indices γ0 today versus
λ for four different wavenumbers. If λ is close to 1 then
0.40 < γ0 < 0.42, so that the dispersion of γ0 is weak.
The dispersion begins to appear for λ > 2. This is associ-
ated with the fact that the transition redshift gets smaller
for increasing λ. If the condition m(z = 0) . 3 × 10−6
is satisfied, the transition does not occur by today so
that γ0 is close to the ΛCDM value 0.55 for the modes
(32). Numerically the present value of x is found to
be x0 ≈ 2.2λ. Plugging this into Eq. (41), we find
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Figure 6: The growth indices γ0 today versus λ in the model
(D) for four different values of k. We note that the transition
is much faster in terms of λ than in model (B) shown in Fig. 4.
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Figure 7: The growth indices γ0 today versus λ in the model
(E) for four different values of k. It is seen that the transition
for this model is slightly more rapid in terms of λ than in
model (D) shown in Fig. 6.
that the condition m(z = 0) . 3 × 10−6 translates into
λ & 8. This shows that the dispersion of γ0 in the range
0.40 . γ0 . 0.55 occurs for 2 . λ . 8. This can be con-
firmed in the numerical simulation of Fig. 6. For λ & 8,
γ0 converges to the ΛCDM value ≃ 0.55.
For the model (E) we have
m =
2λx tanh(x)[1 − tanh2(x)]
1− λ[1− tanh2(x)] . (45)
The de Sitter point is determined by the relation
λ =
xd cosh
2(xd)
2 sinh(xd) cosh(xd)− xd . (46)
From the stability of the de Sitter point we require that
[26]
λ > 0.905 , xd > 0.920 . (47)
As in the model (D) the numerical value of x0 is about
x0 ≈ 2.2λ. It then follows from Eq. (45) that the condi-
tion m(z = 0) . 3× 10−6 corresponds to λ & 4, in which
case γ0 is degenerate to γ0 ≃ 0.55 for the modes (32). In
Fig. 7 the dispersion of γ0 can be seen for λ . 4. When λ
is close to the minimum value 0.905, the growth indices
are almost degenerate in the range 0.42 . γ0 . 0.43.
V. CONCLUSIONS
In this paper we have studied the dispersion of the
growth index γ of matter perturbations in f(R) gravity
models. We focused on a number of viable f(R) dark
energy models proposed in the literature that can satisfy
cosmological and local gravity constraints. While these
models are close to the ΛCDM model in the asymptotic
past, a deviation from the ΛCDM model appears at late
times. A useful quantity that characterizes this deviation
is given by m = Rf,RR/f,R. This quantity needs to be
very much smaller than 1 during the deep matter era for
consistency with local gravity constraints, but a growth
ofm to the present value of the order of 0.1 can be allowed
depending on the f(R) models.
The transition of matter perturbations from the GR
regime to the scalar-tensor regime occurs at the epoch
characterized by the condition m ≈ (aH/k)2. For the
wavenumbers k relevant for the observable range of the
linear matter power spectrum (0.01 hMpc−1 . k .
0.2 hMpc−1), we require that m(z = 0) & 3 × 10−6 for
the occurrence of such a transition by today. For the
model (A) this requirement is not compatible with lo-
cal gravity constraints and hence this model cannot be
distinguished from the ΛCDM model.
The models (B) and (C) allow for a rapid growth of
m from the region R ≫ H20 [with m(R) . 10−15] to the
region R ≃ H20 [with m(R) = O(0.1)]. When n < 3
and λ = O(1) we find two distinct regions widely spread
in the (n, λ) plane: the region (ii) in which the present
growth indices γ0 almost converge to the values around
0.40 . γ0 . 0.43 and the region (iii) in which γ0 are
dispersed around 0.40 . γ0 . 0.55. In the first region
there is essentially no spatial dispersion of γ0, in contrast
to the second region. These results are summarized in
Fig. 5 for the models (B) and (C).
The models (D) and (E) give rise to an even faster
evolution of m compared to the models (B) and (C). The
evolution of γ depends on the single parameter λ. For
the models (D) and (E) the dispersion of γ0 in the region
10
0.40 . γ0 . 0.55 is found for 2 . λ . 8 and 1.5 . λ .
4, respectively. The growth indices converge to values
around 0.40 . γ0 . 0.43 for 1 < λ . 2 [model (D)] and
for 0.905 < λ . 1.5 [model (E)].
We have thus shown that the dispersed or converged
growth indices with γ0 smaller than 0.55 are present in
viable f(R) models with m(z = 0) & 3× 10−6. If future
observations detect such unusually small values of γ0, this
can be a smoking gun for f(R) models. The presence
of some dispersion in future observations could be an
additional evidence for some of our f(R) models. We also
note that our analysis can be extended to scalar-tensor
models with couplings Q of the order of 1 between dark
energy and non-relativistic matter in the Einstein frame
[36, 39]. It will be of interest to investigate the growth
of matter perturbations and the resulting dispersion of γ
in such theories.
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